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Available online 31 March 2016AbstractBand convergence is one of the most interesting topics in recent studies of thermoelectrics. However, its effect on thermoelectric properties is
only simply stated as improving band degeneracy. In this paper, the enhanced thermoelectric performance due to band convergence is clarified
from the viewpoint of distribution of carriers in the electronic bands. The n-type Mg2Sn0.75Ge0.25 is used as a case study, and the effect of band
offset E on its thermoelectric properties is investigated based on the three-band model, i.e., one light conduction band, one heavy conduction
band, and one valence band. The results show that E has a decisive effect on controlling the distribution of carriers in the two conduction bands,
thus affecting the thermoelectric properties. Since the optimal carrier concentration nopt is related to the density of state effective mass m* at a
given temperature, an appropriate distribution of carriers should be a higher carrier concentration in the heavy band (with larger m*) and a lower
carrier concentration in the light band (with smaller m*). In order to achieve a proper distribution of carriers, E should be as small as possible at
any temperature, which explains the reason why band convergence could lead to the enhanced thermoelectric performance.
© 2016 The Chinese Ceramic Society. Production and hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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By utilizing the Seebeck effect and its inverse phenomena,
i.e., the Peltier effect, thermoelectric materials are capable of
converting thermal energy into electricity and vice versa
[1e6]. Therefore, it can be used to recover the waste heat as
well as cooling the electronics. The performance of thermo-
electric materials is governed by materials' dimensionless
figure of merit (ZT ) that is defined as ZT ¼ S2r1k1T, where
S, r, k, and T are the Seebeck coefficient, electrical resistivity,
thermal conductivity, and absolute temperature, respectively.
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tivity, and bipolar thermal conductivity.
For materials with multiple electronic bands, the band
offset E (i.e., the energy difference between the bands) be-
tween the top of valence bands (p-type semiconductors) or the
bottom of conduction bands (n-type semiconductors) can be
affected by temperature, pressure, and composition. Therefore,
E could be within few ± kBT (kB is the Boltzmann constant)
under certain conditions, which means the electronic bands are
effectively converged, so-called band convergence. Recently,
band convergence becomes a highly interesting topic in the
research of thermoelectrics. It has already been demonstrated
to be an effective route to improve the power factor PF (S2r1)
and hence the ZT in several material systems, e.g.,
Mg2Sn1xSix [7,8], Mg2Sn1xGex [9,10], PbTe1xSex [11],
Pb1xSrxSe [12], Pb1xMgxTe [13], Sn1xMnxTe [14e17],
and skutterudite [18].er B.V. This is an open access article under the CC BY-NC-ND license (http://
Fig. 1. Schematic view of three-band model for Mg2Sn0.75Ge0.25.
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convergence is only simply ascribed to the improved band
degeneracy [11]. For band convergence, the band offset E is a
critical parameter. Nonetheless, its effect on thermoelectric
properties is seldom investigated in detail. Moreover, several
important questions are rarely discussed for multi-band ther-
moelectric materials, i.e., how are the carriers distributed in
each of electronic bands, and how will this distribution affect
the thermoelectric properties? Solving these questions can
provide us with a better understanding on band convergence,
and may enable us to achieve an even better thermoelectric
performance by proper band engineering.
Band model is an effective tool to understand the thermo-
electric properties of materials. The multi-band model for
describing the thermoelectric properties of materials was
firstly reported by Simon [19,20]. In his papers, he mainly
focused on utilizing the two-band model, i.e., one conduction
band and one valence band, to understand the effect of ma-
terial parameter b, band gap Eg, and scattering parameter r on
the figure of merit ZT. Slack et al. [21] predicted the maximum
possible energy conversion efficiency of n-type SiGe by uti-
lizing three-band model, i.e., one light conduction band, one
heavy conduction band, and one valence band. Liu et al. [22]
investigated the effect of additional conduction band on ther-
moelectric properties of skutterudite by three-band model. Pei
et al. [11] demonstrated the effect of band convergence on
thermoelectric properties of p-type PbTe1xSex by three-band
model.
To the best of our knowledge, the effect of E on thermo-
electric properties has never been investigated by band model.
Therefore, this work is trying to achieve a better understanding
of band convergence via investigating the effect of E on
thermoelectric properties in the framework of three-band
model. Since Mg2Sn0.75Ge0.25 is an n-type material, which
demonstrates a good thermoelectric performance due to the
convergence of two conduction bands, therefore it is chosen as
the platform for this study. Moreover, the three-band model is
chosen because it gives a reasonable description of the ther-
moelectric properties of Mg2Sn0.75Ge0.25. The calculations
shed new light on the influence of band convergence on
thermoelectric properties, which demonstrates that the distri-
bution of carriers in the electronic bands can be effectively
controlled by tuning E. An appropriate distribution of carriers
can be achieved when E approaches zero, which explains the
reason why band convergence can lead to enhanced thermo-
electric properties.
2. Results and discussion2.1. Three-band modelFig. 1 shows the schematic view of three-band model for
Mg2Sn0.75Ge0.25. The CL, CH, and V are the light conduction
band, heavy conduction band, and valence band, respectively.
The details of three-band model are presented in the
supporting information. The thermoelectric properties of
Mg2Sn0.75Ge0.25 are taken from a previously published paper[9]. The materials' parameter for three-band calculation is
shown in Table S1 (supporting information).2.2. Calculated thermoelectric properties of
Mg2Sn0.75Ge0.25Fig. 2 shows the thermoelectric properties of
Mg2Sn0.75Ge0.25 calculated by using the three-band model.
The calculated results by considering three bands show a
reasonable agreement with the experimental data, indicating
that three-band model can indeed provide a reasonable
description of the thermoelectric properties of
Mg2Sn0.75Ge0.25. Also, the relative contribution of each band
to the total thermoelectric properties can be clearly revealed
by utilizing the three-band model. Thus, it enables the
following discussion of the effect of distribution of carriers in
electronic bands on the thermoelectric properties. Based on the
calculated thermoelectric properties of Mg2Sn0.75Ge0.25, the
band offset E is perturbed and its effect on thermoelectric
properties is further investigated based on the model.2.3. Effect of E on thermoelectric properties of
Mg2Sn0.75Ge0.25The band offset E of conduction bands can be expressed as
E ¼ E0  T dE
dT
ð1Þ
where E0 is the band offset of conduction bands at 0 K, and
dE/dT is the dependence of E on temperature. It is evident that
due to the existence of dE/dT, band convergence is definitely a
temperature-dependent phenomenon. For the following cal-
culations, E0 is perturbed in order to change E, which is
mainly due to the fact that E0 can be practically controlled by
tuning the composition of Mg2Sn1xGex [23]. In the following
discussion, the dE0 stands for the variation of E0, i.e., when
dE0 is 95% the E0 of Mg2Sn0.75Ge0.25 is reduced by 95%,
while when dE0 is þ50% the E0 of Mg2Sn0.75Ge0.25 is
increased by 50%.
In Fig. 3(a) and (b), the electrical resistivity and the See-
beck coefficient decrease gradually with dE0. Fig. 3(c) shows
Fig. 2. Comparison of calculated and measured thermoelectric properties of Mg2Sn0.75Ge0.25. (a) Electrical resistivity. (b) Seebeck coefficient. (c) Power factor. (d)
Figure of merit, ZT. The carrier concentration of Mg2Sn0.75Ge0.25 is ~2.7  1020 cm3.
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þ200%, PF increases with dE0. However, when dE0 is larger
than þ200%, PF decreases with dE0. As shown in the inset of
Fig. 3c, the room temperature PF remains in the range of
~38e45 mW cm1 K2 when E is within ±2kBT (the light
yellow region) and it decreases obviously when E is far away
from this region. It demonstrates that a higher PF can be
achieved when two conduction bands are effectively
converged (i.e., when E is within ±2kBT ). Also, although PF
is low at room temperature when dE0 is larger than þ200%, it
is still high at a higher temperature. This is mainly due to the
convergence of conduction bands at a higher temperature.
Moreover, PF for the ideal case of E equals to zero is also
shown for comparison (the green solid line). It is evident that
when E ¼ 0, it achieves the highest peak PF and average PF.
Therefore, this ideal case can be regarded as the upper bound
of PF for multi-band materials. ZT shows the similar trend to
that of PF, which increases with dE0 when it is less than
þ200%. After that, ZT decreases obviously with dE0 (see
Fig. 3(d)). The room temperature ZT is in the range of
~0.3e0.4 when E is within ±2kBT, and it decreases to ~0.19
when dE0 is þ500% (see the inset of Fig. 3(d)). Also, when E
equals to zero, it achieves the highest peak ZT and average ZT.The detailed thermoelectric properties when E ¼ 0 are shown
in Fig. S1 (supporting information).
In order to further understand the effect of E on the ther-
moelectric properties, the contributions of light and heavy
conduction bands to electrical resistivity and the Seebeck
coefficient are compared (see Fig. 4). When dE0 is 95%, the
electrical resistivity of CL þ V bands is greater than that of
CH þ V bands (see Fig. 4(a)). However, when dE0 is þ200%,
the electrical resistivity of CH þ V bands is greater than that of
CL þ V bands (see Fig. 4(c)). Moreover, the electrical re-
sistivity of CH þ V bands is significantly higher than that of
CL þ V bands when dE0 is þ500% (see Fig. 4(e) and the
inset). The Seebeck coefficient shows a quite similar trend to
that of electrical resistivity for different dE0 (see Fig. 4(b), (d),
and (f)). It should be pointed out that the thermoelectric
properties are dominated by CL band when dE0 is þ500%. In
other words, the light and heavy conduction bands are not
effectively converged at a lower temperature in this case. The
band offset E shows a significant influence on the relative
contributions of light and heavy conduction bands to the total
thermoelectric properties. As will be discussed later, this is
mainly due to the change of distribution of carriers in elec-
tronic bands that caused by the variation of E.
Fig. 3. Effect of E on thermoelectric properties of Mg2Sn0.75Ge0.25. (a) Electrical resistivity. (b) Seebeck coefficient. (c) Power factor, the inset is the dependence of
room temperature PF on E. (d) Figure of merit, ZT, the inset is the dependence of room temperature ZT on E.
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conduction bands to PF and ZT under different conditions are
also compared. When dE0 is e95%, CL þ V bands make a
larger contribution to PF (see Fig. 5(a)) and ZT (see Fig. 5(b))
than that of CH þ V bands at room temperature, while their
contributions become comparable at a higher temperature.
This is mainly due to the increased electrical resistivity of
CL þ V bands at a higher temperature. When dE0 is þ200%,
CL þ V bands make more contribution to PF and ZT than that
of CH þ V bands, and its contribution increases with tem-
perature (see Fig. 5(c) and (d)). When dE0 is þ500%, PF and
ZT of CL þ V and CH þ V bands are clearly lower than that of
other conditions at a lower temperature (see Fig. 5(e) and (f)).
However, the contribution of CL þ V bands increases obvi-
ously with temperature. Therefore, it still achieves a high PF
and ZT at a higher temperature.
It is well-known that the thermoelectric parameters (i.e.,
electrical resistivity, Seebeck coefficient, and electronic ther-
mal conductivity) are strongly coupled to each other due to
their dependence on carrier concentration. Therefore,
improving one parameter will generally lead to the deterio-
ration of the other two. Thus, in order to obtain a maximum
PF, it is pivotal to achieve an optimal carrier concentration nopt[1,4,5]. For multi-band materials, the thermoelectric properties
of each band can be considered separately. Fig. 6(a) shows the
dependence of PF on the carrier concentration for light and
heavy bands of Mg2Sn0.75Ge0.25 at different temperatures. It is
obvious that a high PF can be only obtained around the
optimal carrier concentration at a certain temperature. It is also
important to note that light band (with smaller density of state
effective mass m*) always achieving a higher PF than that of
heavy band (with larger m*) at a given temperature, which is
mainly due to the inverse relationship between carrier mobility
and density of state effective mass m*. Therefore, when the
acoustic phonon scattering is the dominate scattering mecha-
nism for carriers, the assumption made in the calculations, the
low density of state effective mass m* is beneficial to the
thermoelectric performance [24]. This also explains the reason
why light band makes more contribution to the total thermo-
electric performance than the heavy band in the calculations
(see Fig. 5).
It is noted that the red line in Fig. 6(a) represents the
maximum PF and the corresponding optimal carrier concen-
tration. In the inset of Fig. 6(b), nopt demonstrates a linear
relationship with respect to (Tm*)3/2 [1,25]. Intuitively, in
order to obtain a high PF for multi-band thermoelectric
Fig. 4. Effect of E on electrical resistivity and Seebeck coefficient of Mg2Sn0.75Ge0.25. (a) Electrical resistivity when dE0 is 95%. (b) Seebeck coefficient when
dE0 is-95%. (c) Electrical resistivity when dE0 is þ200%. (d) Seebeck coefficient when dE0 is þ200%. (e) Electrical resistivity when dE0 is þ500%, the inset is
electrical resistivity of CH þ V bands. (f) Seebeck coefficient when dE0 is þ500%.
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tion for each band simultaneously. However, in practice, the
total carrier concentration is always a fixed value (i.e., once
the amount of dopant is given and the bipolar conduction does
not occur). Thus, in order to achieve a better thermoelectric
performance for both of the bands, it is critical to control the
distribution of carriers in the electronic bands. According to
the relationship between nopt and m*, it is evident that a lowercarrier concentration is needed for light band, while a higher
carrier concentration is necessary for heavy band. This is
clearly shown in Fig. 6(b), the nopt of light conduction band is
indeed always lower than that of the heavy conduction band at
a given temperature. In this context, we are interested in the
question, how to control the distribution of carriers between
two electronic bands? Actually, the distribution of carriers can
be effectively controlled by tuning the band offset E.
Fig. 5. Effect of E on power factor and figure of merit of Mg2Sn0.75Ge0.25. (a) PF when dE0 is95%. (b) ZTwhen dE0 is 95%. (c) PF when dE0 is þ200%. (d) ZT
when dE0 is þ200%. (e) PF when dE0 is þ500%. (f) ZT when dE0 is þ500%.
208 J. Mao et al. / J Materiomics 2 (2016) 203e211The carrier concentration of each band is directly related to
the reduced Fermi energy x at a certain temperature and a
given density of state effective mass.
n¼ 2

2pm*kBT
h2
3=2
F1=2ðxÞ ð2Þ
where h is the Planck constant, and Fi(x) is the Fermi-Dirac
integral, which can be expressed byFiðxÞ ¼
Z∞
0
xidx
1þ expðx xÞ ð3Þ
The reduced Fermi energy for light and heavy conduction
bands are closely related to E as follow:
xCH ¼ xCL E=kBT ð4Þ
Fig. 6. (a) Dependence of PF on carrier concentration for light and heavy conduction bands of Mg2Sn0.75Ge0.25. (b) Dependence of nopt on temperature for light and
heavy conduction bands of Mg2Sn0.75Ge0.25, the inset shows the linear relationship between nopt and (Tm*)
3/2.
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band and xCL is the reduced Fermi energy of light conduction
band.
According to Eq. (4), it is evident that the reduced Fermi
energies of light and heavy bands depend on E. Due to the
dependence of carrier concentration on the reduced Fermi
energy (Eqs. (2) and (3)), it is understandable that the carrier
concentration in each band will be changed when E varies.
Therefore, the distribution of carriers in the electronic bands
can be effectively controlled by tuning E.
Fig. 7(a) shows the carrier concentration of each band when
dE0 is 95%. The CH band has a higher carrier concentration
than that of CL band. This is a favorable distribution of carrier
concentration, therefore PF is high at room temperature.
However, since the carrier concentration of CL band decreases
with temperature, the CL band thus makes less contribution to
PF at a higher temperature, and the total PF at a higher
temperature is slightly lower than that of other conditions (see
Fig. 5(a)). When dE0 is þ200%, the carrier concentration of
CH band is slightly lower than that of CL band at room tem-
perature (see Fig. 7(b)). This is not a beneficial condition for
the distribution of carriers. Hence, the room temperature PF is
slightly lower than that of the case when dE0 is 95%.
However, the carrier concentration of CH band increases with
temperature while it decreases for CL band. At a higher tem-
perature, carrier concentration of CH band is higher than that
of CL band, which is conducive for the thermoelectric prop-
erties. Therefore, a higher PF is achieved at a higher tem-
perature. When dE0 is þ500%, the carrier concentration of CL
band is significantly higher than that of CH band at ambient
temperature (see Fig. 7(c)). This is a very unfavorable distri-
bution of carriers, therefore the room temperature PF is quite
low, comparing to that of other conditions. However, the
carrier concentration of CH band increases with temperature,
while it decreases with temperature for CL band, which is
similar to the case of dE0 of þ200%. Therefore, a better dis-
tribution of carriers is achieved at a higher temperature and a
higher PF is obtained. It is important to note that the relativedifference of reduced Fermi energies of each band shows an
identical trend to that of the carrier concentration (see the inset
of Fig. 7(a), (b), and (c)).
In order to directly demonstrate the effect of E on ther-
moelectric properties, the temperature dependences of E for
dE0 equals to 95%, þ200%, and þ500% are also discussed
(see Fig. 7(d)). When dE0 is 95%, E is close to the green
solid line (E ¼ 0) at room temperature, however it becomes far
away from the line at a higher temperature. It explains why a
higher PF is achieved at room temperature, while it is not very
high at a higher temperature. When dE0 is þ200%, E remains
close to the green solid line (E ¼ 0) in the whole temperature
range. It explains the reason a higher PF is achieved in the
whole temperature range under this condition. When dE0 is
þ500%, E is outside of the light yellow region (±2kBT ) and it
is far away from the green solid line at room temperature.
However, since E decreases with temperature, it becomes
much closer to the green solid line (E ¼ 0) at a higher tem-
perature, which means the electronic bands are effectively
converged. Thus, the PF is quite low at room temperature,
while it becomes appreciably higher at a higher temperature.
This clearly demonstrates that in order to achieve a high PF,
the best condition for band convergence is E has a crossover
when E ¼ 0, just as the case for dE0 of þ200%. Moreover, if
the dependence of E on the temperature (dE/dT ) is control-
lable, it would be very beneficial to the thermoelectric prop-
erties by tuning the dependence as small as possible.
It is important to point out that the requirement for band
convergence of E to be within ±2kBT is mainly due to the
thermal broadening of the Fermi distribution. When T ¼ 0 K,
all of the motion is carried out by carriers at the Fermi energy.
When temperature is non zero, the available energy states will
be thermally broadened due to the thermal excitation. Hence,
the motion is carried out by carriers lying in an energy width
of ~3.5kBT (this is the full-width at the half-maximum of the
derivative of the Fermi-Dirac distribution), centered on the
Fermi energy [26]. Therefore, when E is within ±2kBT, the
carriers at different electronic bands both could participate in
Fig. 7. Comparison of distribution of carrier concentration for different dE0. (a) Carrier concentration of each band when dE0 is 95%, the inset is reduced Fermi
energy x of each conduction band. (b) Carrier concentration of each band when dE0 is þ200%, the inset is reduced Fermi energy x of each conduction band. (c)
Carrier concentration of each band when dE0 is þ500%, the inset is reduced Fermi energy x of each conduction band. (d) Dependence of E on temperature when
dE0 are 95%, þ200%, and þ500%.
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electric properties, which means that the two bands are
effectively converged. Obviously, the electronic bands are
easier to converge at a higher temperature, as the case of dE0 is
þ500% [11].
Finally, the question arises naturally that why E ¼ 0 is the
ideal condition for band convergence? According to Eq. (4), it
is evident that the smaller magnitude of E, the smaller dif-
ference of the reduced Fermi energies for light and heavy
conduction bands. When E equals zero, the reduced Fermi
energies will be identical for light and heavy conduction
bands. According to Eq. (2), the carrier concentration now
obeys the relation of n~(m*T )3/2 for each band (ignoring the
minority carriers), which is the ideal distribution of carriers at
a given total carrier concentration. Therefore, it clearly ex-
plains the reason why E ¼ 0 is the ideal condition. Although it
has to be admitted that this condition is unlikely to be realized
in practice, it is important to note that when dE0 is þ200%, a
quite comparable PF to that of ideal condition can still be
achieved. Therefore, a high thermoelectric performance can be
obtained by properly tuning the E. Also, although thecalculations are dealt with Mg2Sn0.75Ge0.25, the obtained re-
sults are applicable to other multi-band thermoelectric
materials.
3. Conclusions
The effect of band offset E on the thermoelectric properties
of Mg2Sn0.75Ge0.25 was investigated based on three-band
model. The calculated results showed that the distribution of
carriers in the conduction bands had a significant influence on
the thermoelectric properties. Since the optimal carrier con-
centration nopt was related to the density of state effective
mass m* at a given temperature, therefore a higher carrier
concentration was needed for heavy band and a lower carrier
concentration was necessary for light band. Noted that the
distribution the carriers in the electronic bands was determined
by E. In order to achieve a proper distribution of carriers, E
should be as small as possible in the whole temperature range.
Therefore, the results also explained the reason why band
convergence could lead to the enhanced thermoelectric
properties.
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